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ON THE HIGHER DERIVATES OF ARCTAN
OLIVER DEISER AND CAROLINE LASSER
Abstract. We give a rational closed form expression for the higher deriva-
tives of the inverse tangent function and discuss its relation to Chebyshev
polynomials, trigonometric expansions and Appell sequences of polynomials.
1. Introduction
The higher derivatives of the inverse tangent function are rational functions,
arctan(n)(x) = (n− 1)! qn−1(x)
(1 + x2)n
, n ≥ 1,
defining a polynomial sequence (qn)n≥0 with integer coefficients. These polynomials
have scattered appearances in the literature. They have been described in terms of
Chebyshev polynomials of the first and second kind in the handbook entry [Bry,
Chapter 1.1.7] as well as in terms of trigonometric functions in [AdLa, Theorem 1],
see also a sign correction in [Lam, Theorem 1]. A monomial expansion, whose
coefficients are specified up to degree five, is given in [Kon, Formula 9.3.1].
Our note aims at a unified exposition in establishing the simple closed-form
representation
qn(x) = (−1)n
∑
k even, 0≤k≤n
(
n+ 1
k + 1
)
(−1)k/2xn−k,
relating it to the known expressions in terms of Chebyshev polynomials and trigono-
metric functions, and proving that (qn)n≥0 forms an Appell sequence if suitably
normalized. We introduce the arctan polynomials using elementary real analysis
based on Pascal’s triangle and a three-term recurrence relation (§2 and §3). Then,
we discuss the polynomials’ relation to the Chebyshev polynomials (§4), to Appell
sequences (§5) and to trigonometric expansions (§6). In Appendix A, we derive
them by a partial fraction decomposition.
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2. Algebraic polynomials
We explicitly calculate the first six derivatives:
arctan′(x) =
1
1 + x2
,
arctan′′(x) =
−2x
(1 + x2)2
,
arctan′′′(x) =
2(3x2 − 1)
(1 + x2)3
,
arctan(4)(x) =
6(−4x3 + 4x)
(1 + x2)4
,
arctan(5)(x) =
24(5x4 − 10x2 + 1)
(1 + x2)5
,
arctan(6)(x) =
120(−6x5 + 20x3 − 6x)
(1 + x2)6
.
We observe fractions with polynomials in the numerator and powers of the sum
1 + x2 in the denumerator. Up to a factor (n − 1)! and alternating signs, the
coefficients of these polynomials appear in Pascal’s triangle, see Figure 1.
1
1 1©
1 2© 1
1 3© 3 1©
1 4© 6 4© 1
1 5© 10 10© 5 1©
1 6© 15 20© 15 6© 1
Table 1. Pascal’s triangle. The encircled coloured numbers cor-
respond to the coefficients of the six polynomials up to multiplica-
tive factors of the size (n − 1)! and alternating signs. Red color
indicates a positive sign, blue color a negative one.
This motivates the following definition:
Definition 2.1. We define a sequence (qn)n≥0 of polynomials qn : R→ R by
qn(x) = (−1)n
∑
k even, 0≤k≤n
(
n+ 1
k + 1
)
(−1)k/2xn−k.
Before establishing the relation of these polynomials to the higher derivatives of
the inverse tangent function, we collect some properties.
Proposition 2.2 (Basic properties).
(1) qn is a polynomial of degree n for each n ≥ 0.
(2) qn(−x) = (−1)nqn(x) for each n ≥ 0.
(3) qn(0) = 0 for n odd and qn(0) = (−1)n/2 for n even.
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(4) q′n = −(n+ 1)qn−1 for each n ≥ 1.
(5) qn(x) + 2xqn−1(x) + (1 + x
2)qn−2(x) = 0 for each n ≥ 2.
Proof. The first four properties are immediate. For proving (5), we argue by in-
duction. We check that
q2(x) + 2xq1(x) + (1 + x
2)q0(x) = 0.
Assuming that the relation holds for n− 1, we obtain
d
dx
(
qn(x) + 2xqn−1(x) + (1 + x
2)qn−2(x)
)
= q′n(x) + 2qn−1(x) + 2xq
′
n−1(x) + 2xqn−2(x) + (1 + x
2)q′n−2(x)
= (1− n) (qn−1(x) + 2xqn−2(x) + (1 + x2)qn−3(x))
= 0.
Hence, the polynomial
qn(x) + 2xqn−1(x) + (1 + x
2)qn−2(x)
is constant. By the second property, it evaluates to zero for x = 0. Therefore it is
the zero polynomial. 
3. Arctan function
We are now ready to use the polynomial sequence (qn)n≥0 for describing the
derivatives of the inverse tangent function.
Theorem 3.1 (Derivatives of arctan).
arctan(n)(x) = (n− 1)! qn−1(x)
(1 + x2)n
, n ≥ 1.
Proof. We argue by induction on n. For n = 1, the formula reduces to the first
derivative of the arctan. For the inductive step, we calcuate
arctan(n+1)(x) = (n− 1)! q
′
n−1(x)(1 + x
2)n − 2nx qn−1(x)(1 + x2)n−1
(1 + x2)2n
= (n− 1)! −nqn−2(x)(1 + x
2)− 2nx qn−1(x)
(1 + x2)n+1
= n!
qn(x)
(1 + x2)
,
where the last two equations rely on Proposition 2.2. 
In Appendix A we give another proof of Theorem 3.1 using a partial fraction
decomposition of the rational function 1/(1 + x2).
Remark 3.2 (Maclaurin series). The Maclaurin series of the inverse tangent func-
tion,
arctan(x) =
∑
n≥0
(−1)n x
2n+1
2n+ 1
,
is usually derived via a geometric series argument. Theorem 3.1 together with the
third property of Proposition 2.2 provides an alternative derivation.
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4. Orthogonal polynomials
Sequences of real polynomials (πn)n≥0 that are orthogonal to each other with
respect to an inner product satisfy a three-term recurrence relation of the form
πn(x) − (αnx− βn)πn−1(x) + γnπn−2(x) = 0, n ≥ 2,
where (αn), (βn) and (γn) are sequences of real numbers, see [Sze, Theorem 3.2.1].
Hence, the arctan polynomials (qn)n≥0 are not orthogonal, since for all real numbers
α, β, γ ∈ R,
(αx − β)q3(x)− γq2(x) = (αx − β)(−4x3 + 4x)− γ(3x2 − 1)
6= 5x4 − 10x2 + 1
= q4(x).
However, there is a known relation of inverse tangent derivatives to orthogonal
polynomials, namely the Chebyshev polynomials of the first and second kind.
Proposition 4.1 (Chebyshev polynomials).
q2n(x) = (−1)n(1 + x2)n+1/2 T2n+1
(
1√
1 + x2
)
, n ≥ 0,
q2n−1(x) = (−1)n(1 + x2)n−1/2 x U2n−1
(
1√
1 + x2
)
, n ≥ 1,
where (Tn)n≥0 and (Un)n≥0 denote the nth Chebyshev polynomial of the first and
second kind, respectively.
Proof. We just verify the formula for the even degree arctan polynomials, since the
proof for the odd ones is analogous. Using that
Tn(x) =
⌊n
2
⌋∑
k=0
(
n
2k
)
(x2 − 1)kxn−2k,
we obtain
T2n+1
(
1√
1 + x2
)
= (1 + x2)−n−
1
2
n∑
k=0
(
2n+ 1
2k
)
(−1)kx2k.
Therefore,
q2n(x) =
∑
k even, 0≤k≤2n
(
2n+ 1
k + 1
)
(−1)k/2x2n−k
= (−1)n
n∑
m=0
(
2n
2m+ 1
)
(−1)mx2m
= (−1)n(1 + x2)n+1/2 T2n+1
(
1√
1 + x2
)
.

The two formulas of the following Corollary 4.2 are given in [Bry, Chapter 1.1.7].
They are implied by Theorem 3.1 and Proposition 4.1.
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Corollary 4.2 (Derivatives of arctan).
arctan(2n+1)(x) =
(−1)n(2n)!
(1 + x2)n+1/2
T2n+1
(
1√
1 + x2
)
, n ≥ 0,
arctan(2n)(x) =
(−1)n(2n− 1)!
(1 + x2)n+1/2
x U2n−1
(
1√
1 + x2
)
, n ≥ 1.
5. Appell polynomials
We normalize the polynomial sequence (qn)n≥0 to obtain monic polynomials
pn :=
(−1)n
n+ 1
qn, n ≥ 0,
that may also be written as
pn(x) =
∑
k even, 0≤k≤n
(
n
k
)
(−1)k/2
k + 1
xn−k.
The derivatives of the inverse tangent function given in Theorem 3.1 may be ex-
pressed in terms of these polynomials as
arctan(n)(x) = (−1)n−1 n! pn−1(x)
(1 + x2)n
, n ≥ 1.
According to Proposition 2, the derivatives satisfy
p′n = (−1)n−1qn−1
= npn−1, n ≥ 1.
Hence, the monic polynomials (pn)n≥0 are an example of an Appell sequence, that
due to its elementary connection to the inverse tangent function might deserve
addition to the compilations of noteworthy Appell polynomials as given in [Car, Sca]
or in [Rom, Chapter 2.6].
6. Trigonometric expansions
The triangular array (αk,n) of integers defined by
qn(x) = (−1)n
n∑
k=0
αn,k x
n−k, n ≥ 0,
also occurs in the context of trigonometric expansions, see [Kim, Section 5]. Exam-
ining this connection, we obtain the following trigonometric representation of the
arctan polynomials.
Theorem 6.1 (Trigonometric representation).
sin(n arccotx) =
(−1)n−1 qn−1(x)
(1 + x2)n/2
, n ≥ 1,
where arccot(x) = π2 − arctan(x) refers to the inverse function of the cotangens
restricted to (0, π).
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Proof. By de Moivre’s formula and the binomial theorem, we may write
cos(nx) + i sin(nx) =
n∑
k=0
(
n
k
)
ik cosn−k(x) sink(x).
This implies the trigonometric representation
sin(nx) =
∑
k odd, 0≤k≤n
(
n
k
)
(−1)(k+1)/2 cosn−k(x) sink(x).
Since
sin(arccotx) =
1√
1 + x2
and cos(arccotx) =
x√
1 + x2
,
we have
sin(n arccotx) =
1
(1 + x2)n/2
∑
k odd, 0≤k≤n
(
n
k
)
(−1)(k+1)/2xn−k
=
(−1)n−1 qn−1(x)
(1 + x2)n/2
.

Combining Theorem 3.1 and Theorem 6.1, we obtain a second representation of
the higher derivatives of the arctan function, that is similar to [AdLa, Theorem 1]
and [Lam, Theorem 1].
Corollary 6.2 (Derivatives of arctan).
arctan(n)(x) = (n− 1)! (−1)
n−1 sin(n arccotx)
(1 + x2)n/2
, n ≥ 1.
Appendix A. Partial fraction decomposition
The quadratic polynomial 1 + x2 has the complex roots ±i and thus can be
factorized as 1+x2 = (x−i)(x+i). This provides the partial fraction decomposition
1
1 + x2
=
1
2i
(
1
x− i −
1
x+ i
)
.
Therefore, for n ≥ 1,
arctan(n)(x) =
dn−1
dxn−1
1
1 + x2
= (n− 1)! (−1)
n−1
2i
(
1
(x − i)n −
1
(x+ i)n
)
= (n− 1)! (−1)
n−1
2i
(x+ i)n − (x− i)n
(1 + x2)n
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By the binomial theorem,
(−1)n−1
2i
((x+ i)n − (x − i)n) =
n∑
k=0
(
n
k
)
ik − (−i)k
2i
xn−k
= (−1)n−1
∑
k odd, 0≤k≤n
(
n
k
)
ik−1xn−k
= (−1)n−1
∑
ℓ even, 0≤ℓ≤n−1
(
n
ℓ+ 1
)
(−1)ℓ/2xn−1−ℓ
= qn−1(x).
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